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Formal Language

We call expressions like pVvV gV rand (-KVS)— A
formulas of a formal language .
With the help of predefined symbols and parentheses, a formal

language avoids the ambiguities present in natural language.



Formal Language

Definition (Propositional Logic Formula)

m Every propositional symbol (p,q,r,...) is a formula .
m If ¢ is a formula, then (=¢) is a formula .

m If ¢; and ¢, are formulas, then (¢ V ¢2), (¢1 A ¢2),

(1 = @), and (¢; < @) are formulas .

m Nothing else is a formula.



Formal Language

Regarding the definition of a Propositional Logic Formula :

m What if we replaced "¢", "¢;", and "¢," in the definition

with "p", "p;", and "p,"? Would that work?



Formal Language

Regarding the definition of a Propositional Logic Formula :

m What if we replaced "¢", "¢;", and "¢," in the definition

with "p", "p;", and "p,"? Would that work?

m Meta-language vs. Object language
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Formal Language

Regarding the definition of a Propositional Logic Formula :
m Why must we add the clause "Nothing else is a formula™?

m This type of definition is known as an inductive

definition or recursive definition .



Formal Language

Suppose a machine only knows how to add 1 ("+1"). How

can we "teach” it general addition (n+m =?)?



Formal Language

Suppose a machine only knows how to add 1 ("+1"). How

can we "teach” it general addition (n+m =?)?
Base case: n+0=n

Inductive step: n+(m+1)=mn+m)+ 1



Formal Language

Parenthesis Omission Rules
m The outermost parentheses of the entire formula can be
omitted.
m The negation symbol — has the highest priority (the
strongest binding power).

m Consecutive identical logical symbols are conventionally

grouped from the right (right-associative).



Formal Language

(-pVaq) —>r
pV(gV(rvs))iswrittenas pVgVrVs

p—>(@— T —s)iswrittenasp - qg—>r—s



Formal Language

(=p)vag)—r



Formal Language

(=p)vag)—r

(=p)Vgq r



Formal Language

(=p)vag)—r

(=p)Vgq r

/\

P 9



Formal Language

(=p)vag)—r

(=p)Vgq r

/\

P 9

P



Formal Language

(=(pVvg)—>r



Formal Language

(=(pVvg)—>r

=(pVaq r



Formal Language

(=(pVvg)—>r

=(pVaq r

pPVq



Formal Language
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Natural vs. Formal Language

m Early Analytic Philosophers & Logicians: Natural
language is systematically misleading. Strict science
should (in principle) use formal language.

m Ordinary Language Philosophy

m Reality:

m Mathematicians (and logicians) still use natural
language and abundant shorthand to write proofs.

m Computer scientists develop programming languages

that increasingly resemble natural language.



Syntax of a Language

So far, we have discussed:

m The use of symbols (which act as variables for
propositions, and which are constants for logical

connectives).
m The construction of formulas and their rules.
These belong to the syntax of the language. They have
nothing to do with the specific meaning of the language.

For example, in terms of pure syntax, there is no structural

difference between Vv, A, —, <.



Semantics of Propositional Logic

Recall: In a specific proposition or inference, we choose our
atomic propositions based on our needs. Once the number of
atomic propositions is set, we can easily calculate the number
of possible truth-value combinations. We call each

combination a semantic situation .



Semantics of Propositional Logic

(=p V q) — r contains three propositional variables,
representing three mutually independent basic propositions

(also called atomic formulas ). Their semantic situations are:

{pqr, pqr, pqr, pqr, pqr, pqr, pgr, pqr}



Semantics of Propositional Logic

We can view a semantic situation as a valuation function .

For instance, the situation pgr can be seen as a function V,,:
u Vp(jr(p) =T
u Vpér(Q) =F

mV,(r)=T



Semantics of Propositional Logic

We can view a semantic situation as a valuation function .

For instance, the situation pgr can be seen as a function V,,:
u Vp(jr(p) = 1
u Vpér(Q) =0

mV,(r)=1



Semantics of Propositional Logic

The basic setting of Classical Propositional Semantics:

m In any given situation, a proposition is either true or false.
(Bivalence)
This applies whether it is an atomic proposition or a
complex proposition / formula.

m The semantic value of a proposition is exclusively its

truth value.



Semantics of Propositional Logic

How do we express the semantics of a logical constant (i.e.,

a logical connective)?

m The semantics of a connective are the rules for
determining the truth value of a complex proposition

based on the truth values of its atomic components.



Semantics of Propositional Logic

Truth Table

¢

0
1

o — s




Semantics of Propositional Logic

Truth Table
¢ Y oAy VY o= oy
1 1] 1 | | |
1 0| 0 | 0 0
0 1| 0 | | 0
0 0| 0 0 | |




Material Implication

Note: According to the truth table for ¢ — ¢, as long as ¢ is
false or i is true, ¢ — ¥ evaluates to true. This semantic

interpretation of "—" is called material implication .
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Sailing west can reach India — The Earth is round.
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Material Implication

Note: According to the truth table for ¢ — ¢, as long as ¢ is
false or i is true, ¢ — ¥ evaluates to true. This semantic

interpretation of "—" is called material implication .

Sailing west cannot reach India — The Earth is round.

The Nazis won WWII — Everyone is happy.



Material Implication

In the semantics of propositional logic, we only care about
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Material Implication

For any given number, if it is greater than 3, then it is

greater than 2.
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If I become the CEO of OpenAl, | will open-source

GPT-5 tomorrow.



Material Implication

For any given number, if it is greater than 3, then it is

greater than 2.

If I become the CEO of OpenAl, | will open-source

GPT-5 tomorrow.

If the Chinese football team reaches the World Cup top

16, | will give everyone an A.



Material Implication

This is a number theory question. If
9301910461290695703809730523177 is not prime, then the

Goldbach conjecture holds. Is this true?



Material Implication

This is a number theory question. If
9301910461290695703809730523177 is not prime, then the

Goldbach conjecture holds. Is this true?

LLMs often fail this logic test because they try to find a
mathematical causal link, ignoring the strict propositional

logic definition of material implication.



Material Implication & LLMs

ChatGPT's Response (Link)

No. As stated, the implication If 9301910461290695703809730523177 is not prime,
then the Goldbach conjecture holds. is not true (or at least there is no known
mathematical reason for it to be true).

Here's why: The primality or compositeness of a single specific integer is a completely
local fact. The Goldbach conjecture is a universal statement about every even integer
greater than 2. There is no known theorem linking the compositeness of that
particular 31-digit number to the truth of Goldbach.

So the implication (number is composite) = Goldbach does not hold in ordinary

mathematics. Direct answer: No.


https://chatgpt.com/share/6a487312-3280-83e8-8b08-2ee8b324feb9

Evaluating with Truth Tables

The truth table tells us how to recursively calculate the truth
value of complex formulas given the truth values of the atomic

propositions.
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Evaluating with Truth Tables

The truth table tells us how to recursively calculate the truth
value of complex formulas given the truth values of the atomic

propositions.

(=(pVvg)—rl (=p)Vaq) —r
N N
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Evaluating with Truth Tables
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Evaluating with Truth Tables
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Evaluating with Truth Tables

Recall: A semantic situation in propositional logic is a
valuation function V. For example:

Vipp=1,Vig=1 V() =0

According to the truth tables for connectives, we can uniquely
extend V to evaluate any formula containing only the symbols

p,q,r. For example:

ViCpvg)—-n=1 V{((=pVvg—r=0



Evaluating with Truth Tables

Recall: A semantic situation in propositional logic is a
valuation function V''°. For example:

Vll()(p) — 1’ Vll()(q) — 1, Vll()(r) =0

According to the truth tables for connectives, we can uniquely
extend V to evaluate any formula containing only the symbols

p,q,r. For example:

VI%(=pv ) > n=1 V((=p)vg) >r=0



Validity in Propositional Logic

Definition

Given propositional formulas ¢y, ..., ¢, and ¢, we say the
inference from ¢, ..., ¢, to ¥ is valid , or y is a (valid)
consequence of ¢y,...,¢, , if and only if , if

V() =---=V(g) =1, then V(¥) = 1.
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Validity in Propositional Logic

Definition

Given propositional formulas ¢, ...,¢, and ¥, we say the
inference from ¢,..., ¢, to ¥ is valid , or y is a (valid)
consequence of ¢y,...,¢, , if and only if for any valuation
function V (restricting to the symbols in the formulas), if

V(py) =---=V(p,) =1, then V() = 1. We denote this as:

QOI"H"pn'zw



Validity in Propositional Logic

We can use a truth table to check if an inference is valid.

o Yl y | | o
1 1] 1 |o]lo
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Validity in Propositional Logic

We can use a truth table to check if an inference is valid.

o Yl y | | o
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s O A ¢ 01| 1 |01
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Validity in Propositional Logic

We can use a truth table to check if an inference is valid.

o Yl | | Y
11 1 0|0
1 0| 0 01
2nd O A4 01/ 1 |10
0 0| 1 1|1



Validity in Propositional Logic

We can use a truth table to check if an inference is valid.

o Yl | | Y

11 1 00

1 0 ] 0|1
® =Y, E Y 0 1

00 | 1|1



Validity in Propositional Logic

There is a dual concept to validity: Satisfiability .
Definition
A set of propositional formulas {¢1,...,¢,} is said to be

satisfiable if and only if there exists a valuation function

(semantic situation) V such that V(g;) =1 foralli=1,...



Validity in Propositional Logic
It is not difficult to see that:

Oly-o Py B Y

if and only if the set:

{()01’- . -7()01’[’ _'l//}

is not satisfiable.



Tautologies

Definition
We use E ¢ to denote that ¢ is a valid consequence of the
empty set @ F ¢, which means {—¢} is unsatisfiable. In this

case, we call ¢ a tautology .



Tautologies

—(¢ A —@) Law of Non-Contradiction
oV g Law of Excluded Middle

Y e Double Negation



Tautologies

=(p Vi) & (mp A ) De Morgan's Laws
(@ AY) & (e V)

(@AW VY) e ((@AY)VieA))

(VW AY)e (V) AleVy)) Distributive Laws



Tautologies

Based on the definition, it's easy to see that all valid

inferences can be "encoded” as tautologies.

Fact

For any formulas ¢y, ..., ¢, and y:

Oloer s On EY & (@1 A+ A,) — W is a tautology



Expressive Power

Recall: We often see proof systems that only use two logical

connectives, such as = and —, yet they claim to be complete.



Expressive Power

Recall: We often see proof systems that only use two logical

connectives, such as = and —, yet they claim to be complete.

So, if our formulas contain V, A, <, does a valid inference like
(pVg) >rep—-r

have a corresponding proof in such a restricted system?



Expressive Power

Consider the truth table:

o YleVy | ooy
1 1] 1
1 0] 1
0 1] 1
00| 0

Considering only the semantics of propositional logic, we can

replace ¢ V ¥ with —=p — .
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Expressive Power

Consider the truth table:

o YleVy | ooy
1 1] 1 |
1 0] 1 |
0 1] 1 |
00| 0 0

Considering only the semantics of propositional logic, we can

replace ¢ V ¥ with —=p — .
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Expressive Power

m And the truth table of ¢ — ¥ is identical to that of

=@ V . This means we can also replace ¢ — ¢ with

VY.



Expressive Power

m And the truth table of ¢ — ¥ is identical to that of
=@ V . This means we can also replace ¢ — ¢ with
- V.

m Can ¢ V ¢ be replaced by a formula consisting only of —

and A?



Expressive Power

m And the truth table of ¢ — ¥ is identical to that of

=@ V . This means we can also replace ¢ — ¢ with
~p V.
m Can ¢ V ¢ be replaced by a formula consisting only of —

and A?

m Conversely, what about ¢ A ¢7?



Expressive Power

Given this phenomenon, we say that (the semantics of)
vV can be expressed by (the propositional logic language

generated by) — and — .
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m Considering the semantics of propositional logic,
theoretically, how many possible unary propositional

connectives are there? How many binary connectives?



Expressive Power

Given this phenomenon, we say that (the semantics of)
vV can be expressed by (the propositional logic language

generated by) — and — .

m Considering the semantics of propositional logic,
theoretically, how many possible unary propositional
connectives are there? How many binary connectives?

Can they all be expressed by = and —7



Expressive Power

For any propositional logic formula ¢, if ¢ contains at most
the propositional variables py,..., p,, we can construct a truth
table for ¢ with 2" rows. Thus, we can consider ¢ as

expressing an n-ary propositional connective.

Fact

Any possible n-ary propositional connective can be expressed
by = and —.

Therefore, we say that the set {—, —} is expressively

complete (or functionally complete ).



Expressive Power

To prove this fact, it is sufficient to show that the set {—, V, A}
is expressively complete. We can do this by constructing a

Disjunctive Normal Form (DNF) formula for any given truth

table.



Expressive Power

M(x1, x2, x3)

X2 X3

X1




xi X2 x3 | M(xy,x,x3)
1 1 1 1
0 1 1 1
1 0 1 1
0 0 1 0
1 1 0 1
0 1 0 0
1 0 O 0
0 0 O 0

Expressive Power
Let

o= (prAp2Ap3)
V (=p1 A p2 A p3)
V (p1 A =p2 A p3)

V(p1 A p2 A=p3)



X x2 x3 | M(xy, x2,x3)
1 1 1 1
0 1 1 1
1 0 1 1
0 0 1 0
1 1 0 1
0 1 0 0
1 0 0 0
0 0 O 0

Expressive Power
Let

o= (prAp2Ap3)
V (=p1 A p2 A p3)
V (p1 A =p2 A p3)

V(p1 A p2A—p3)

Check: The truth table of ¢

matches M.



Expressive Power

Proof.
For any n-ary propositional connective M : {0, 1}* — {0, 1}:
m If M always outputs 0, we can express it with
¢ =pi \pr.
m Otherwise, let Ry,..., R, be the rows in the truth table
where M outputs 1.
m For each row R; = (vy,...,Vv,), construct a conjunction
Yi=lL AN~ AL, where [; =p;ifv;=1,and [; = —=p; if
vi=0. Let o=y V- - Vi



Expressive Power

For any valuation function V, V(p) = 1 iff V(i;) = 1 for some
i. This happens iff V(py), ..., V(p,) matches the assignment in
row R;, which is exactly when M(V(py),...,V(p,)) = 1. Thus,

¢ expresses M.

Since {—, V, A} is expressively complete, and both VvV and A can
be expressed by = and —, the set {—, —} is also expressively

complete.



Disjunctive Normal Form (DNF)

Definition
A propositional formula is in Disjunctive Normal Form
(DNF) if it is a disjunction of one or more clauses, where each
clause is a conjunction of one or more literals. A literal is
either a propositional variable (e.g., p) or its negation (e.g.,
=p).

m Formally: ¢ =C, vV C, V-V Cy, where each

Ci=1liy NNl and [;; are literals.



Conversion to DNF

Convert the following propositional logic formulas into an

equivalent Disjunctive Normal Form (DNF):
mp—gq
B -(pAg
B(pVgAnr
Bpeog

B (p—oq—op



Exercises & Discussion

Translate the following natural language statements into

propositional logic formulas:
| | will only go to school if | get a cookie now.
B Jack Ma and | are both teachers.
B Jack Ma and | are billionaires on average.

| A foreign national is entitled to social security if he has
legal employment or if he has had such less than three

years ago, unless he is currently also employed abroad.



Exercises & Discussion

Consider the following statement:
Nothing is too trivial to be ignored.

Given a thing x, what can we conclude about x from the
above statement? Can you translate it into a propositional

logic formula?



Exercises & Discussion

(Considering the parenthesis omission rules), which of the
following are valid propositional logic formulas and which are
not?

mp—-—q

B ——AgVp

B pq

B (pAg — g
If it is a formula, draw its construction tree. If not, explain

why.



Exercises & Discussion

Can you design a computer program to determine whether a

string is a valid propositional logic formula?

m You may redefine what constitutes a propositional logic
formula, as long as it is "spiritually consistent” with our

definition.

m You may choose to include or exclude the parenthesis

omission rules.



Exercises & Discussion

Calculate and construct the truth tables for the following

formulas:
m(p—-oqVig—p)

B(pV-gAr)e(=(pAr)Vaq)



Exercises & Discussion

Ignoring the parenthesis omission rules, use a truth table to
analyze how many non-equivalent propositional logic formulas
can be formed by inserting parentheses into the following
string:

p—qgVr



Exercises & Discussion

Use a truth table to determine if the following inferences are

valid:
m-p—>(@Vr),gqEpAT

m-op—o(@Vr),~qEpVr



Exercises & Discussion

Use a truth table to determine if the following inferences are

valid:
mp—o(GAr),-qgE-p

mp—(@Vr),mqgE-p



Exercises & Discussion

Construct the truth tables for the following formulas:
m(pVgV-(pV(gAr)
m(po@-o>n)->(p>9—>(p—0)

B ((poeA(ng—on) e (=(per —q)



Exercises & Discussion

We say two formulas ¢ and ¢ are logically
equivalent (denoted as ¢ k4 ¢), if and only if ¢ F ¥ and
Y E . Use truth tables to determine if the following pairs of

formulas are logically equivalent:
m (g —>y)and pV -y

m —(p =) and ¢ A Y



Exercises & Discussion*

The truth table of a propositional logic formula with n

propositional symbols can be viewed as an n-ary function.

Suppose @ = ((=p) V g) — r. Define a function B, such that

for every valuation V:

B,(V(p), V(g), V(r) = V(a)



Exercises & Discussion*

B What is the domain of the function B,?
B Do there exist different formulas «, 8 such that B, and By
represent the exact same function?

B Considering all formulas a containing at most n
propositional symbols, how many different B, functions

are there?



Exercises & Discussion

The obligatio game is a logic game said to have originated in
the Middle Ages. Teachers used this game to test their
students’ logical reasoning. The game is played in several
rounds. In each round, the teacher presents a proposition ¢;,

and the student must choose to "accept” or "reject” it.



Exercises & Discussion

If accepted, ¢; is added to the set of existing propositions;
otherwise, —; is added. If the resulting set of propositions
becomes contradictory (unsatisfiable), the student loses. If the
set remains consistent (satisfiable) after a predetermined

number of rounds, the student passes the test.



Exercises & Discussion

m Suppose the teacher in the obligatio game has prepared
the following sequence of propositions: (1) g V =(p V r),
2 p—4a (3)q

m If you choose to "accept” in the first round, what can
you choose ("accept” or "reject”) in the second and
third rounds to survive?

m What if you choose to "reject” in the first round?
m Can you play the role of the teacher and design a
sequence of propositions to trap your classmates in the

obligatio game?
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